A Lattice QCD study of the $\rho$ resonance by Leskovec, Luka et al.
CIPANP2018-Leskovec
October 5, 2018
A Lattice QCD study of the ρ resonance
Luka Leskovec
in collaboration with:
Constantia Alexandrou, Stefan Meinel, John Negele, Srijit Paul, Marcus
Petschlies, Andrew Pochinsky, Gumaro Rendon, and Sergey Syritsyn
Department of Physics
University of Arizona, AZ-85721, USA
We present a lattice QCD study of the ρ resonance with Nf = 2 + 1
clover fermions at a pion mass of approximately 320 MeV and lattice size
3.6 fm. We consider two processes involving the ρ. The first process
is elastic scattering of two pions in P-wave with isospin 1. Using the
Lu¨scher method we determine the scattering phase shift, from which we
obtain the ρ resonance mass and decay width Γ(ρ → pipi). The second
process is the radiative transition piγ → pipi, where we follow the Bricen˜o-
Hansen-Walker-Loud approach to determine the transition amplitude in
the invariant mass region near the ρ resonance and for both space- and
time-like photon momentum. This allows us to determine the coupling
between the ρ, the pion and the photon, and the resulting ρ radiative
decay width.
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1 Introduction
The spectrum of hadrons is a jungle of particles arising from the strong interactions
between quarks and gluons. We differentiate between stable hadrons, i.e. those that
cannot decay via the strong interactions, and unstable hadrons, i.e. those that can.
The simplest example of an unstable hadron is the ρ meson, which is an isotriplet
with quantum numbers JPC = 1−−. While the ρ couples to multiple decay modes,
for example KK, pipipipi, pipi and piγ, we focus only on the latter two in this report.
This simplification can be made because we perform our lattice QCD calculation
at light quark masses corresponding to mpi ≈ 320 MeV, where the KK and pipipipi
thresholds are above the energy region we are focusing on. The coupling of the ρ to
the pipi channel was previously investigated with lattice QCD in Refs. [1–14], and the
coupling to piγ in Refs. [15–17].
To determine the coupling of the ρ resonance to two pions and thus establish its
strong decay width, we make use of the Lu¨scher formalism, which relates the finite-
volume spectrum in various moving frames and irreducible representations with the
infinite-volume scattering matrix [18,19]. The appropriate formalism to handle radia-
tive transitions of multi-hadron states, which we employ here, is the generalization
of Lellouch and Lu¨scher’s work in Ref. [20] by Bricen˜o, Hansen and Walker-Loud
(BHWL) [21,22].
2 Lattice Setup
We use a single lattice gauge-field ensemble with light quark masses corresponding
to mpi ≈ 320 MeV and a strange-quark mass consistent with its physical value. The
number of lattice points is N3L × Nt = 323 × 96. The lattice spacing a, determined
from the Υ(2S) − Υ(1S) splitting calculated with NRQCD, is equal to 0.11403(77)
fm, leading to a physical spatial volume of approximately (3.6 fm)3.
3 P -wave pipi scattering in I = 1
We calculated the lattice spectra in several moving frames and irreducible represen-
tations [13] and determined the scattering phase shifts using the Lu¨scher method. To
describe the phase shifts we use the Breit-Wigner formula
δ1(s) = arctan
√
sΓ(s)
m2R − s
, (1)
where s is the invariant mass, δ1(s) is the P -wave scattering phase shift, mR is the ρ
resonance mass and Γ(s) is the decay width. We investigate two different parametriza-
tions:
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Figure 1: P -wave pipi scattering phase
shift in I = 1 as a function of invariant
mass.
Model BW I BW II
χ2
dof
0.571 0.457
amR 0.4599(19) 0.4600(18)
gρpipi 5.76(16) 5.79(16)
(r0/a)
2 – 8.6(8.0)
Table 1: Parameters of the Breit-
Wigner parametrizations BW I and
BW II obtained from fitting the dis-
crete phase shift points with statisti-
cal uncertainties only [13].
• BW I: P -wave decay width:
ΓI(s) =
g2ρpipi
6pi
k3
s
, (2)
where gρpipi is the coupling between the resonance ρ and the pipi scattering channel
and k is the scattering momentum,
√
s = 2
√
m2pi + k
2, and
• BW II: P -wave decay width modified with Blatt-Weisskopf barrier factors [23]:
ΓII(s) =
g2ρpipi
6pi
k3
s
1 + (kRr0)
2
1 + (kr0)2
, (3)
where kR is the scattering momentum at
√
s = mR and r0 is the centrifugal
barrier radius.
The resulting fits for both parametrizations are shown in Fig. 1, where the blue
line corresponds to BW I and the red line to BW II. The numerical results for
the parameters mR, gρpipi and r0 are listed in Table 1. There are only minor and
statistically not very significant differences between the two parametrizations that
appear in the high-energy region a
√
s ≥ 0.55, where BW II describes the data
slightly better [13]. Overall, we find that both parametrizations describe our results
for the elastic I = 1 pipi P -wave scattering well.
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Figure 2: 3-D plot of the transition amplitude Vpiγ→pipi. Lattice QCD results are
shown as the vertical bars, where the widths and depths correspond to the uncer-
tainties in a
√
s and (aq)2, and the magenta sections at the tops cover the range from
Vpiγ→pipi − σVpiγ→pipi to Vpiγ→pipi + σVpiγ→pipi . For clarity, the opacity is reduced in data
points with larger uncertainties. The surface shows the central value of the chosen
parametrization “BWII F1 K2”.
4 piγ → pipi transition amplitude
Because the ρ is not a QCD asymptotic state, but rather a resonance in P -wave
pipi scattering with I = 1, the observables related to the resonance photoproduction
processes piγ → ρ are obtained from the more general process piγ → pipi. This
process is described by the transition amplitude Vpiγ→pipi, which is a function of both
the photon four-momentum transfer q2 and the pipi invariant mass s. The transition
piγ → ρ can however be defined by analytical continuation to the ρ pole located at
sP = m
2
R + iΓRmR. The transition amplitude Vpiγ→pipi is associated with the infinite
volume matrix element 〈pipi|Jµ(0)|pi〉 by
〈pipi|Jµ(0)|pi〉 = 2iVpiγ→pipi(q
2, s)
mpi
νµαβν(P,m)(ppi)αPβ, (4)
where q = ppi − P is the photon four-momentum transfer. The transition amplitude
Vpiγ→pipi has a manifest pole at s = sP , and can be written with the help of Watson’s
3
theorem as
Vpiγ→pipi(q2, s) =
√
16pisΓ(s)
k
F (q2, s)
m2R − s− i
√
sΓ(s)
. (5)
The form factor F (q2, s) is thus free of poles in s within the energy region of
interest, a
√
s < 0.6. Following a general Taylor-expansion approach we parametrize
F (q2, s) using
F (q2, s) =
1
1− q2
m2P
∑
n,m
Anmz
nSm, (6)
where mP is the pole in the t-channel, and the two variables S and z are defined
as [24–26]:
S = s−m
2
R
m2R
(7)
z =
√
t+ − q2 −√t+√
t+ − q2 +√t+
, where t+ = (2mpi)
2. (8)
We consider three different families of truncations of the series in Eq. 6 leading to
several parametrizations of the transition amplitude Vpiγ→pipi [17]. A 3-D representa-
tion of the transition amplitude Vpiγ→pipi is shown for the chosen parametrization “BW
II F1 K2” in Fig. 2.
In practice, the resonant form factor is determined by evaluating F at the ρ pole:
Fpiγ→ρ(q2) = F (q2, m2R + imRΓR). (9)
It becomes equal to the photocoupling Gρpiγ at zero momentum transfer, q
2 = 0. The
physical observable we consider is the ρ radiative decay width Γ(ρ→ piγ) determined
by the photocoupling Gρpiγ = F (0,m
2
R + imRΓR),
Γ(ρ→ piγ) = 2
3
α
(
m2R −m2pi
2mR
)3 |Gρpiγ|2
m2pi
. (10)
The resonant transition form factor is shown in the left panel of Fig. 3, where the
inner shaded region represents the statistical and systematical uncertainties deter-
mined on the lattice. The outer shaded region indicates the parametrization uncer-
tainty. The photocouplings determined for each of the parametrizations are shown in
the right panel of Fig. 3; we find the photocoupling at mpi ≈ 320 MeV to be
|Gρpiγ| = 0.0802(32)(20). (11)
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Figure 3: Left panel: Resonant transition form factor Fpiγ→ρ. The inner shaded
region represents the statistical and systematical uncertainties, and the outer shaded
region represents the parametrization uncertainty. Right panel: Value of the photo-
coupling for the parametrizations under consideration. The data-point errorbars are
associated with lattice statistical and systematical uncertainties. The inner shaded
region corresponds to the errorbar of the chosen model, “BW II F1 K2”, while the
outer shaded region represents the parametrization uncertainty.
Due to the larger-than physical pion mass in our calculation the thresholds are much
closer to the resonances than in nature. By assuming that the photocoupling is a
pion-mass-independent quantity, we use the physical values of the pion masses and ρ
mass to determine the radiative decay width to be Γ(ρ→ piγ) = 84.2(6.7)(4.3) keV.
The number in the first bracket is the combined statistical and systematic uncertainty
and the number in the second bracket is the parametrization uncertainty.
5 Summary
We have presented results of two of our recent lattice QCD studies, the determination
of the strong decay width of the ρ resonance and the calculation of the ρ resonance
radiative decay width. While our calculation was performed at a non-physical value
of the quark mass, the couplings gρpipi and Gρpiγ are already close to their physical
values. Future studies are needed to perform chiral extrapolations to the physical
point [27–29] where direct comparisons to experiment can be made.
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